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Abstract
We consider the steady, fully developed motion of a Navier–Stokes fluid in a curved pipe of cross-section D
under a given axial pressure gradient G. We show that, if G is constant, this problem has a smooth steady solution,
for arbitrary values of the Dean’s number κ , for D of arbitrary shape and for any curvature ratio δ of the pipe. This
solution is also unique for κ sufficiently small. Moreover, we prove that the solution is unidirectional (no secondary
motion) if and only if κ = 0. Finally, we show the same properties for the approximations to the Navier–Stokes
equations called “Dean’s equations” and provide a rigorous way in which solutions to the full Navier–Stokes
equations approach those to this approximation in the limit of δ → 0.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
There is a great deal of engineering and scientific interest in flows in curved pipes and vessels due
to their prevalence in engineered piping systems as well as in biological systems such as the human
body (e.g. [1]). The asymmetry of both the velocity, pressure and wall shear stress fields in curved
pipes relative to those arising in fully developed flows in straight pipes have been associated with
corrosion failures in the oil industry [2], with atherosclerosis and other arterial lesions in biological
systems (e.g. [3,4]), and increased heat transfer coefficient (e.g. [5,6]).
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In the beginning of the twentieth century, Eustice identified a number of striking features for flow
in curved pipes using dye injection experiments [7,8]. Among these findings were the existence of a
secondary motion (flow field perpendicular to the main flow direction) characterized by counter-rotating
vortices. Motivated by these findings, Dean undertook an analytic study of steady, fully developed flows
in curved pipes of circular cross section using regular perturbation methods [9,10]. Dean simplified
the governing equations (later termed the “Dean approximations”) by neglecting all effects arising due
to pipe curvature except the centripetal acceleration terms. These approximations reduced the number
of nondimensional parameters from two (Reynolds number Re and the curvature ratio δ) to a single
nondimensional parameter, the Dean number κ .
Subsequent analytical and numerical work for flow in curved pipes at higher values of Reynolds
number for both Dean’s equations and the full Navier–Stokes equations has revealed the appearance of
additional pairs of vortices as well as loss of uniqueness of the solution (e.g., [11–14]). A variety of
other cross sectional geometries have been considered including elliptical, rectangular and triangular
(see Section 5 of [15]). In addition, flows of non-Newtonian fluids in curved pipes have also attracted
interest (e.g. [16–18]). A comprehensive discussion of results obtained through the mid-1980’s for
Navier–Stokes fluids can be found in review articles by Berger et al. [15], and Nandakumar and
Masliyah [6] and the book of Ward-Smith [19].
Despite great interest in curved pipe flows, no rigorous analysis of the existence and uniqueness of
solutions has been made for Navier–Stokes fluids, either with or without Dean’s approximation. Coscia
and Robertson [20] studied second order fluids without Dean’s approximation and showed rigorously that
a solution to the full problem exists and is locally unique for small nondimensional pressure drop. Here,
we consider the mathematical properties of both the full equations and Dean’s equations for arbitrary
cross section and prove the existence of smooth solutions for all values of κ and δ.
In the related problem of pressure driven flow in a curved channel of infinite height, a purely
circumferential flow exists (no secondary motion) for all Reynolds numbers [21]. Secondary motion
arises as a result of an instability to this base flow [21–23]. The situation is quite different for curved pipe
flows. We prove rigorously that steady flow in curved pipes of arbitrary cross section is unidirectional
if and only if inertial effects are neglected (κ = 0), for both the Navier–Stokes and Dean’s equations.
Flows with secondary motion, such as those observed by Eustice, exist for all nonzero values of κ and
cannot exist in the absence of inertial effects.
Despite the attention Dean’s equations have received, no efforts have previously been made to evaluate
the relationship between solutions to Dean’s equations and the full governing equations. Here, we show
rigorously that, in the limit of δ tending to zero, one solution goes into the other with an error of order δ.
2. Navier–Stokes problem
We consider an incompressible Navier–Stokes fluid, L, moving in a curved pipe of arbitrary shaped
cross section D with constant centerline radius R and diameter 2r0, Fig. 1. It is convenient to use
rectangular toroidal coordinates (x1, x2, x3) with orthonormal basis I = {a1, a2, a3}, defined with
respect to rectangular Cartesian coordinates (y1, y2, y3) with basis J = {e1, e2, e3} (see [20]), through
y1 = (R + x2) cos
(x3
R
)
, y2 = (R + x2) sin
(x3
R
)
, y3 = x1. (2.1)
We restrict attention to curved pipes with cross section D independent of x3.
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Fig. 1. Rectangular toroidal coordinates.
The motion ofL is steady and fully developed; that is, the components of velocity v, (v·a1, v·a2, v·a3)
depend only on x1 and x2. For such flows, the axial pressure gradient ∂ P/∂x3 is a constant which we
denote as −G. It is convenient to split the velocity as v = u + wa3 and pressure as P = −Gx3 +
p(x1, x2). We nondimensionalize (x1, x2, x3, v ·a1, v ·a2, v ·a3, p) using characteristic values (r0, r0, r0,
W0δ1/2, W0δ1/2, W0, µW0δ1/2/r0), respectively, where ρ and ν are the density and kinematical viscosity
of L, W0 = Gr20/4ρν and δ = r0/R(δ ∈ [0, 1)) is the curvature ratio.
Under this nondimensionalization the cross sectional velocity components and p have been rescaled
following (e.g. [15]) in order to later obtain Dean’s approximations. The governing equations can then
be written with respect to the nondimensional quantities as
u = κ
(
u · grad u − 1
B
w2a2
)
− ε ∂u
∂x2
+ ε2u2a2 + grad p, div (Bu) = 0
w = κ (u · grad w + εu2w) − ε ∂w
∂x2
+ ε2w − 4
B

 in D
u = 0, w = 0 at ∂ D,
(2.2)
where κ is the Dean’s number κ = δ1/2r0W0/ν, B = 1 + δx2 and ε = δ/B. All differential operators
appearing in (2.2) act on (x1, x2).
The objective of this work is to study some mathematical properties of solutions to problem (2.2). We
begin by showing that problem (2.2) always admits a smooth solution, for any δ ∈ [0, 1) and any κ ≥ 0.
To this end, we need to introduce some suitable function spaces. We denote by Lq = Lq(D), q ≥ 1, the
usual Lebesgue space of functions in D and denote by ‖ · ‖q the corresponding norm.1 Furthermore, we
denote by C∞0 = C∞0 (D) the class of functions, f , in D that are infinitely many times differentiable and
of compact support in D, and by H 10 = H 10 (D) and Ĥ 10 = Ĥ 10 (D) the completion of C∞0 in the norm
‖ f ‖1,2 ≡ ‖grad f ‖2 and ‖ f ‖1,2,B ≡ ‖
√
Bgrad f ‖2.2 Notice that, by virtue of the Poincaré inequality
‖ f ‖2 ≤ γ ‖grad f ‖2, f ∈ H 10 , (2.3)
1 As a rule, if X denotes a space of scalar functions on D, we set X = [X]2.
2 All derivatives are meant in the sense of distributions.
G.P. Galdi, A.M. Robertson / Applied Mathematics Letters 18 (2005) 1116–1124 1119
with γ depending only on D, the norm ‖ f ‖1,2 is equivalent to ‖ f ‖2 + ‖grad f ‖2. Moreover, since
B is bounded, below and above, by a positive constant, the norm ‖ f ‖1,2,B is equivalent to ‖ f ‖1,2.
We also set D(D) = {ϕ ∈ C∞0 (D) : div (Bϕ) = 0 in D}, and denote by Ĥ10 = Ĥ10(D) its
completion in the norm ‖ f‖1,2,B . Finally, by H 2 = H 2(D) we denote the usual Sobolev space W 2,2(D)
and by ‖ · ‖2,2 its associated norm.
We shall now reformulate problem (2.2) in a suitable weak form. To this end, we dot-multiply through
both sides of the first equation in (2.2) by Bϕ, ϕ ∈ D(D), integrate by parts over D and use the condition
div (Bϕ) = 0. We thus find3
(B grad u, gradϕ) = −κ(B u · grad u,ϕ) + κ(w2, ϕ2) − (ε2 Bu2, ϕ2) + 2δ
(
∂u
∂x2
,ϕ
)
. (2.4)
Likewise, multiplying through both sides of the third equation in (2.2) by ψ ∈ C∞0 and integrating over
D, we get
(B grad w, grad ψ) = −κ(B u · grad w,ψ) − δκ(u2w,ψ) − (ε2 Bw,ψ)
+ 2δ
(
∂w
∂x2
, ψ
)
+ 4(ψ, 1). (2.5)
We shall say that the pair (u, w) is a weak solution to (2.2) if and only if u ∈ Ĥ10, w ∈ H 10 , and u and w
satisfy (2.4) and (2.5) for all ϕ ∈ D(D) and all ψ ∈ C∞0 (D).
The existence of a weak solution is accomplished by the classical Galerkin method, provided we
show a suitable a priori estimate; see, e.g. [25], Chapter VIII. In order to show this latter, we multiply
the first equation in (2.2) by u, the third equation by w, integrate by parts over D and use the remaining
conditions in (2.2) to obtain
δ‖u‖21,2,B + ‖w‖21,2,B = −δ‖ε
√
Bu2‖22 − δ‖ε
√
Bw‖22 + 4(w, 1). (2.6)
Using the Schwarz and Poincaré inequalities and the fact that B is bounded below by a positive constant,
B0 say, we have
|(w, 1)| ≤ √|D|‖w‖2 ≤ γ√|D|‖w‖1,2 ≤ γ
√|D|
B0
‖w‖1,2,B, (2.7)
where γ is a positive constant depending only on D. Replacing this latter inequality in (2.6) and using
the Cauchy–Schwarz inequality we thus obtain the following uniform estimate:
δ‖u‖21,2,B + ‖wn‖21,2,B ≤
4γ 2|D|
B20
. (2.8)
Going back to the first equation in (2.2), we multiply both sides by u and proceed as before. We thus get
‖u‖21,2,B = κ(w2, u) − δ‖ε
√
Bu‖22. (2.9)
Using the Schwarz inequality and (2.3) in this equation furnishes
‖u‖1,2 ≤ γ κB0 ‖w‖
2
4. (2.10)
3 As customary, if A = {Ai j } and B = {Bkl}, i, j, k, l = 1, 2, denote two 2 × 2 matrix functions on D, we set
A : B = ∑i, j=1 2Ai j Bi j . Moreover, we set (A, B) = ∫D A : B. Analogously, if a, b [respectively, a, b] are two vector
[respectively, scalar] functions on D we set (a, b) = ∫D a · b [respectively (a, b) = ∫D ab].
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We now recall the following inequality (see, e.g. [24], Section II.2):
‖ f ‖4 ≤
√
γ
2
‖ f ‖1,2, f ∈ H 10 . (2.11)
From (2.10), (2.11) and from the estimate for w given in (2.8) we thus conclude that u and w satisfy the
following estimates:
‖u‖1,2,B ≤ γ
4κ|D|2
B30
, ‖w‖1,2,B ≤ 2γ
√|D|
B0
, (2.12)
which, as we said, is enough to prove existence of a weak solution for all κ and δ, and for an arbitrary
domain D. We shall now give an estimate on the pressure p. Assuming without loss
∫
D p = 0, we apply
Lemma IV.1.1 of [24] to the first equation in (2.2) to obtain
‖p‖2 ≤ c(‖u‖1,2 + κ(‖u‖24 + ‖w‖24)), (2.13)
where c = c(D) > 0. Using (2.3) and (2.11) in (2.13) and taking into account (2.12) we conclude that p
satisfies the following estimate:
‖p‖2 ≤ M, (2.14)
where M depends only on D and κ1, for all κ ∈ [0, κ1], where κ1 is an arbitrarily fixed positive number.
We finally observe that, once a weak solution has been determined, by using a standard bootstrap method
and the fact that B is bounded below by a positive constant depending only on D, we can show that, in
fact, u and w are infinitely many times differentiable in D and that they satisfy (2.2)1,2,3 for a suitable
smooth pressure field p. Moreover, they will also satisfy the boundary condition in (2.2) in the sense
of continuous functions if D is sufficiently smooth, e.g. of class C2; see, e.g. [26], Chapter II and [25]
Section VIII.5.
Let us next show that if κ < κ , for a suitable κ > 0 depending only on D, then the solution {(u, w), p}
just determined is unique. Denote by {((u + U, w + W ), p + Φ)} another solution. It then follows that
U = κ(U + u) · grad U + U · grad u − 1
B
(W 2 + 2wW )a2 − ε ∂U
∂x2
+ ε2U2a2 + gradΦ
div (BU) = 0
W = κ ((U + u) · grad W + U · grad w + ε((U2 + u2)W + U2w)) − ε ∂W
∂x2
+ ε2W

 in D
U = 0, W = 0 at ∂ D. (2.15)
Dot-multiplying both sides of (2.15)1 by δBU, then multiplying both sides of (2.15)1 by W , integrating
by parts and using (2.15)2,4 furnishes
‖U‖21,2,B = −κδ(U · grad u, U) + 2κδ(wW,U2) − δ‖ε
√
BU2‖22
‖W‖21,2,B = −κ(U · grad w, W ) − (ε(U2w + u2W ), W ) − ‖εW‖22.
(2.16)
If we apply the Hölder inequality to the terms in brackets on the right-hand sides of both equations in
(2.16) along with (2.3) and (2.11), and recall that B ≥ B0, we deduce
‖U‖1,2 ≤ c1κ
(‖U‖1,2‖u‖1,2 + ‖w‖1,2‖W‖1,2) ,
‖W‖1,2 ≤ c2κ
(‖U‖1,2‖w‖1,2 + ‖u‖1,2‖W‖1,2) , (2.17)
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where c1 and c2 are positive constants depending only on D. We can now increase the norms of u and w
with the help of (2.12), so that (2.17) furnishes
‖U‖1,2 + ‖W‖1,2 ≤ c3κ
(‖U‖1,2 + ‖W‖1,2) , (2.18)
where c3 is another positive constant depending only on D and on an upper bound for κ . If κc3 < 1
Eq. (2.18) then implies ‖U‖1,2 + ‖W‖1,2 = 0, which in view of (2.15)4, in turn implies U ≡ 0, w ≡ 0,
and uniqueness follows.
We would like now to prove some relevant properties of solutions of a special form. To this end, we
recall that a solution {(u, w), p} to (2.2) is called unidirectional flow if u ≡ 0. It is easily seen that,
within the Stokes approximation, obtained by formally setting κ = 0 in (2.2), unidirectional flows are
the only possible solutions. In fact, we have the following.
Proposition 2.1. Let κ = 0 in (2.2). Then all solutions are unidirectional flows.
Proof. For κ = 0, Eqs. (2.2) furnish, in particular,
u = −ε ∂u
∂x2
+ ε2u2a2 + grad p, div (Bu) = 0, in D, u = 0 at ∂ D. (2.19)
Dot-multiplying both sides of the first equation by Bu, integrating by parts over D and using the second
equation and the fact that u vanishes at ∂ D, we obtain
‖u‖21,2,B = −δ
∫
D
εu22.
We thus get u = c, where c is a constant vector. Since u vanishes at ∂ D we conclude that u ≡ 0 and the
proposition is proved. 
In the full nonlinear case (κ > 0), the situation is just the opposite.
Proposition 2.2. Let κ > 0. Then, the solutions to (2.2) are not unidirectional flows.
Proof. Setting u ≡ 0 in (2.2), we obtain, in particular,
grad p = κ
B
w2a2, ∆w = −ε ∂w
∂x2
+ ε2w − 4
B
, in D. (2.20)
If κ > 0, the first of these relations implies that w is independent of x1. Let (x1, x2) be an arbitrary point
in D and denote by (x0, x2) a point on ∂ D that is the intersection of the straight line originating from
(x1, x2) and parallel to a1 and such that the segment s ≡ ∪λ∈[0,1] (λx1 + (1 − λ)x0) lies in D ∪ ∂ D.
Employing the fact that w is independent of x1, we find that w(x (λ)1 , x2) is independent of λ for x
(λ)
1 ∈ s.
Consequently, we have
w(x1, x2) ≡ w(x (1)1 , x2) = w(x (0)1 , x2) ≡ w(x0, x2) = 0
where, in the last equality on the right, we have used w|∂ D = 0. Since (x1, x2) is an arbitrary point
in D, we conclude w ≡ 0 in D, which in turn contradicts (2.20)2. The proposition is then completely
proved. 
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3. Dean’s approximation
The so-called Dean’s equations of the full problem (2.2) are formally obtained by setting δ = 0 in
those equations. Thus, recalling that B = 1 + δx2 and that ε = δ/B, we obtain that Eq. (2.2) assume the
following form:
u = κ(u · grad u + w2a2) + grad p, div u = 0
w = κu · grad w − 4
}
in D
u = 0, w = 0 at ∂ D.
(3.1)
As in the previous section, the existence of a smooth solution to (3.1) is obtained, basically, once we
establish a uniform (with respect to the data) a priori estimate. To this end, we multiply both sides of the
third equation in (3.1) by w and integrate by parts over D. Taking into account that div u = 0 and that w
vanishes at ∂ D we get ‖w‖21,2 = 4(w, 1). Using inequality (2.7) in this relation furnishes
‖w‖1,2 ≤ 4γ
√|D|. (3.2)
We next dot-multiply both sides of the first equation in (3.1) by u and integrate by parts over D. Taking
into account that u is solenoidal and that it vanishes at ∂ D we find ‖u‖21,2 = −κ(w2, u2). If we apply the
Schwarz inequality in the term on the right-hand side of this equation along with the Poincaré inequality
and (2.11) it follows that
‖u‖21,2 ≤ κ‖w‖24‖u2‖2 ≤ κγ ‖w‖24‖u2‖1,2 ≤
κγ 2
4
‖w‖21,2‖u‖1,2. (3.3)
Employing (3.2) in (3.3) we obtain
‖u‖1,2 ≤ 4κγ 4|D|. (3.4)
Eqs. (3.2) and (3.4) are the desired uniform a priori estimates. As we mentioned previously, existence
of solutions to (3.1) follows from these estimates by means of the Galerkin method, as sketched in
Section 2 for the full Navier–Stokes problem. As in Section 2, we can establish the following estimate
for the pressure field:
‖p‖2 ≤ M1, (3.5)
where M1 depends only on D and κ1, for all κ ∈ [0, κ1], where κ1 is an arbitrarily fixed positive number.
Exactly as we did in the previous section, we can show that, for κ not too large, the solution is unique.
Moreover, statements completely analogous to those of Propositions 2.1 and 2.2 continue to hold for
problem (3.1).
Our last objective is to show that solutions to the Navier–Stokes problem (2.2) converge, as δ → 0,
to those to the Dean’s equations (3.1) in a well defined sense. Let {(u, w), p} and {(u0, w0), p0} be two
solutions (of the type determined before) to problems (2.2) and (3.1), respectively, and set u = u − u0,
w = w − w0, p = p − p0. We have the following:
Proposition 3.1. Assume D of class C2. Then, there exists κ0 > 0 such that if κ ≤ κ0 the following
estimate holds:
‖u‖2,2 + ‖w‖2,2 + ‖p‖1,2 = O(δ), as δ → 0.
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Proof. The triplet {u, w, p} solves the following problem:
u = κ
(
u · grad u + u0 · grad u − 1B (w + w0)wa2
)
− ε ∂u
∂x2
+ ε2u2a2 + grad p
div u = −δ u2
B
w = κ (u · grad w + u0 · grad w + εu2w) − ε ∂w
∂x2
+ ε2w − 4σ


in D
u = 0, w = 0 at ∂ D, (3.6)
where σ = (1 − 1/B). We now multiply (3.6)1 by u and integrate by parts over D. We then get
‖u‖21,2 = κ
[
−(u · grad u, u) + 1
B
((w + w0)w, v2)
]
+
(
ε
∂u
∂x2
, u
)
(ε2u2, v2) + δ(p, u2/B). (3.7)
Likewise, multiplying (3.6)3 by w and integrating by parts over D we find
‖w‖21,2 = −κ[(u · grad w,w) + (εu2w,w)] +
(
ε
∂w
∂x2
, w
)
+ (ε2w,w) + 4(w, σ ). (3.8)
We next increase the right-hand side in both Eqs. (3.7) and (3.8) by means of the Hölder inequality and
inequalities (2.3) and (2.11). After some straightforward calculations we thus find
‖u‖21,2 ≤ c[κ(‖u‖21,2 + ‖w + w0‖1,2‖w‖1,2‖u‖1,2) + δ(‖u‖1,2‖u‖1,2 + ‖p‖2‖u0‖1,2)]
‖w‖1,2 ≤ c[κ‖u‖1,2‖w‖1,2 + δ‖w‖1,2(κ‖u‖1,2 + 1)],
(3.9)
where c is a constant depending only on D, and where we used the fact that ε < ε2 < δ, B ≥ B0 and
that |σ | ≤ 2r0δ/B0. If we now assume that κ < κ1 and use the bounds given in (2.12), (2.14), (3.2), (3.4)
and (3.5), the inequalities (3.9) imply the following:
‖u‖21,2 ≤ c1[κ(‖u‖21,2 + ‖w‖1,2‖u‖1,2) + δ2], ‖w‖1,2 ≤ c1(κ‖u‖1,2 + δ)
where c1 depends only on D and κ1. From these two relations it easily follows that there are two positive
constants κ0 and c0 depending on κ1 and D, such that if κ ≤ κ0 then
‖u‖1,2 + ‖w‖1,2 ≤ c0δ. (3.10)
In order to complete the proof we need to have an analogous estimate on the second derivatives of u and
w and on the first derivatives of p. However, we observe that problem (3.6) can be formally written as
follows:
u = F + grad p, div u = −δu2/B w = F − 4σ, in D,
u = 0, w = 0 at ∂ D, (3.11)
where
F = κ
(
u · grad u + u0 · grad u − 1B (w + w0)wa2
)
− ε ∂u
∂x2
+ ε2u2a2
F = κ (u · grad w + u0 · grad w + εu2w) − ε ∂w
∂x2
+ ε2w.
Then, the required estimates follow directly from (3.10) and from classical estimates for the Stokes
problem and scalar elliptic equations with Dirichlet boundary conditions. 
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